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Abstract The aim is to determine the derivations of the three series
of finite-dimensional Z-graded Lie superalgebras of Cartan-type over a
field of characteristic p > 3, called the special odd Hamiltonian super-
algebras. To that end we first determine the derivations of negative
Z-degree for the restricted and simple special odd Hamiltonian super-
algebras by means of weight space decompositions. Then the results
are used to determine the derivations of negative Z-degree for the non-
restricted and non-simple special odd Hamiltonian superalgebras. Fi-
nally the derivation algebras and the outer derivation algebras of those
Lie superalgebras are completely determined.
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0. Introduction
We work over a field F of positive characteristic. Using the divided powers alge-
bras instead of the polynomial algebras one can construct eight families of finite
dimensional Z-graded Lie superalgebras of Cartan-type over F, which are analo-
gous to the vectorial Lie superalgebras over C (see [1, 3, 4, 15], for example). All
these Lie superalgebras are subalgebras of the full (super)derivation algebras of the
tensor products of the finite dimensional divided algebras and the exterior alge-
bras, which are viewed as associative superalgebras in the obvious fashion. The
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derivation algebras were sufficiently studied for the modular Lie superalgebras of
Cartan-type mentioned above (see [2, 6, 9, 10, 14, 16]), except the so-called special
odd Hamiltonian superalgebras (see [5]).
The present paper aims to determine the derivation algebras of the special odd
Hamiltonian superalgebras, especially, the outer derivation algebras. Our work is
heavily depend on the results obtained in [5] and contains certain results obtained
in 2005 in the thesis for master-degree by the third-named author [11]. We should
mention that we use the method for Lie algebras [12] and benefit much from reading
[12, 13].
1. Preliminaries
Hereafter F is a field of characteristic p > 3; Z2 := {0, 1} is the field of two ele-
ments. For a vector superspace V = V0¯ ⊕ V1¯, we denote by p(a) = θ the parity of
a homogeneous element a ∈ Vθ¯, θ¯ ∈ Z2. We assume throughout that the notation
p(x) implies that x is a Z2-homogeneous element. N and N0 are the sets of positive
integers and nonnegative integers, respectively. Let m ≥ 3 denote a fixed positive
integer and Nm the additive monoid of m-tuples of nonnegative integers. Fix two
m-tuples t := (t1, . . . , tm) ∈ Nm and pi := (pi1, . . . , pim) ∈ Nm, where pii := pti − 1.
Let O(m; t) be the divided power algebra with F-basis {x(α) | α ∈ A(m; t)}, where
A(m; t) := {α ∈ Nm0 | αi ≤ pii}. Write |α| := Σ
m
i=1αi. For εi := (δi1, δi2, . . . , δim) ∈
A(m; t), we usually write xi for x
(εi), where i = 1, . . . ,m. Let Λ(m) be the exte-
rior superalgebra over F in m variables xm+1, xm+2, . . . , x2m. The tensor product
O(m,m; t) := O(m; t) ⊗F Λ(m) is an associative super-commutative superalgebra
with a Z2-grading structure induced by the trivial Z2-grading of O(m; t) and the
standard Z2-grading of Λ(m). For g ∈ O(m, t), f ∈ Λ(m), write gf for g⊗ f . Note
that x(α)x(β) =
(
α+β
α
)
x(α+β) for α, β ∈ Nm, where
(
α+β
α
)
:=
∏m
i=1
(
αi+βi
αi
)
. Let
B(m) :=
{
〈i1, i2, . . . , ik〉 | m+ 1 ≤ i1 < i2 < · · · < ik ≤ 2m; k ∈ 0,m
}
.
For u := 〈i1, i2, . . . , ik〉 ∈ B(m), write |u| := k and xu := xi1xi2 · · ·xik . Notice
that we also denote the index set {i1, i2, . . . , ik} by u itself. For u, υ ∈ B(m) with
u ∩ υ = ∅, define u + υ to be the unique element w ∈ B(m) such that w = u ∪ υ.
Similarly, if υ ⊂ u, define u − υ to be the unique element w ∈ B(m) such that
w = u\υ. Write ω = 〈m+1, . . . , 2m〉. Note that O(m,m; t) has a standard F-basis
{x(α)xu | (α, u) ∈ A × B}. Put Y0 := 1,m, Y1 := m+ 1, 2m and Y := 1, 2m. Let
∂r be the superderivation of O(m,m; t) such that
∂r(x
(α)xu) :=
{
x(α−εr)xu, r ∈ Y0
x(α)∂xu/∂xr, i ∈ Y1.
The generalized Witt superalgebra W (m,m; t) is spanned by all fr∂r, where fr ∈
O(m,m; t), r ∈ Y. Note that W (m,m; t) is a free O (m,m; t)-module with basis
{∂r | r ∈ Y}. In particular,W (m,m; t) has a so-called standard F-basis {x(α)xu∂r |
(α, u, r) ∈ A × B × Y}. Note that O (m,m; t) possesses a so-called standard Z-
grading structure O (m,m; t) =
⊕ξ
r=0O(m,m; t)r by letting
O(m,m; t)r := spanF{x
(α)xu | |α|+ |u| = r}, ξ := |pi|+m =
∑
i∈Y0
pti .
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This induces naturally a Z-grading structure, also called standard,
W (m,m; t) =
ξ−1⊕
i=−1
W (m,m; t)i,
where
W (m,m; t)i := spanF{f∂r | r ∈ Y, f ∈ O(m,m; t)i+1}.
Put
i′ :=
{
i+m, if i ∈ Y0
i−m, if i ∈ Y1,
µ(i) :=
{
0¯, if i ∈ Y0
1, if i ∈ Y1.
Clearly, p(∂i) = µ(i). Define the linear operator TH : O(m,m; t) −→ W (m,m; t)
such that
TH(a) :=
∑
i∈Y
(−1)p(∂i)p(a)∂i(a)∂i′ for a ∈ O(m,m; t).
Note that TH is odd with respect to the Z2-grading and has degree −2 with respect
to the Z-grading. The following formula is well known:
[TH(a),TH(b)] = TH(TH(a)(b)) for a, b ∈ O(m,m; t)
and
HO(m,m; t) := {TH(a) | a ∈ O(m,m; t)}
is a finite-dimensional simple Lie superalgebra, called the odd Hamiltonian super-
algebra [4, 8]. Put
HO(m,m; t) := HO(m,m; t)0¯ ⊕HO(m,m; t)1¯
where for α ∈ Z2,
HO(m,m; t)α : =
{∑
i∈Y
ai∂i ∈W (m,m; t)α
∣∣∣∣
∂i(aj′) = (−1)
µ(i)µ(j)+(µ(i)+µ(j))(α+1¯)∂j(ai′), i, j ∈ Y
}
.
We state certain basic results in [10, Proposition 1], which will be used in the
following sections:
(i) Both HO(m,m; t) and HO(m,m; t) are Z-graded subalgebras ofW (m,m; t),
HO(m,m; t) =
ξ−2⊕
i=−1
HO(m,m; t)i; HO(m,m; t) =
ξ−1⊕
i=−1
HO(m,m; t)i.
(ii) HO(m,m; t) is a Z-graded ideal of HO(m,m; t).
(iii) ker(TH) = F · 1.
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Let div : W (m,m; t) −→ O(m,m; t) be the divergence, which is a linear mapping
such that
div(fr∂r) = (−1)
p(∂r)p(fr)∂r(fr) for all r ∈ Y.
Note that div is an even Z-homogeneous superderivation of W (m,m; t) into the
module O(m,m; t), that is
div[E,D] = E(divD)− (−1)p(E)p(D)D(divE) for all D,E ∈W (m,m; t). (1.1)
Putting
S′(m,m; t) := {D ∈W (m,m; t) | div(D) = 0},
S(m,m; t) := {D ∈ W (m,m; t) | div(D) ∈ F},
we have:
(i) Both S′(m,m; t) and S(m,m; t) are Z-graded subalgebras of W (m,m; t):
S′(m,m; t) =
ξ−1⊕
i=−1
S′(m,m; t)i; S(m,m; t) =
ξ−1⊕
i=−1
S(m,m; t)i.
(ii) S′(m,m; t) is a Z-graded ideal of S(m,m; t).
Here we write down the following symbols which will be frequently used in the
future:
∆ :=
m∑
i=1
∆i, ∆i := ∂i∂i′ for i ∈ Y0;
∇i(x
(α)xu) := x(α+εi)xi′x
u for (α, u) ∈ A× B, i ∈ Y0;
Γji := ∇j∆i for i, j ∈ Y0;
I(α, u) := {i ∈ Y0 | ∆i(x
(α)xu) 6= 0};
I˜(α, u) := {i ∈ Y0 | ∇i(x
(α)xu) 6= 0};
D∗ := {x(α)xu | I(α, u) 6= ∅, I˜(α, u) 6= ∅};
D1 := {x
(α)xu | I(α, u) = I˜(α, u) = ∅};
D2 := {x
(α)xu | I(α, u) = ∅, I˜(α, u) 6= ∅}.
In this paper we mainly study the three series of Lie superalgebras:
SHO(m,m; t) := S′(m,m; t) ∩HO(m,m; t),
SHO(m,m; t)(1) := [SHO(m,m; t), SHO(m,m; t)],
SHO(m,m; t)(2) := [SHO(m,m; t)(1), SHO(m,m; t)(1)],
called the special odd Hamiltonian superalgebras. By [5, Theorem 4.1] they are
centerless and SHO(m,m; t)(2) is simple. Further informations for these Lie su-
peralgebras can be found in [4, 5].
Convention 1.1. For short, we usually omit the parameter (m,m; t) and write g
for SHO. Sometime we also write g(t) for g(m,m; t) for t ∈ Nm.
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We close this section by recalling the following general notion and basic facts.
Suppose X is a finite dimensional Z-graded Lie superalgebra, X = ⊕i∈ZXi. By
DerX := Der0¯X ⊕Der1¯X
denote the derivation algebra of X , which is also a Z-graded Lie superalgebra,
DerX =
∑
i∈Z
DeriX
where
DeriX = {φ ∈ DerX | φ(Xt) ⊂ Xt+i, ∀t ∈ Z}.
As in the usual, write
Der−X := span
F
{φ ∈ DeriX | i < 0}, Der
+X := span
F
{φ ∈ DeriX | i ≥ 0},
called the negative and nonnegative parts of the derivation algebra of X , respec-
tively. The element in Der−X is called negative degree derivation and the element
in Der+X is called nonnegative degree derivation.
2. Restrictedness and negative derivations
As mentioned in the introduction our main purpose is to determine the deriva-
tions of the special odd Hamiltonian superalgebras. Motivated by the method used
in the modular Lie algebra theory [12, Lemma 6.1.3 and Theorem 7.1.2], in this
paper we do not compute directly the derivations of the non-restricted and non-
simple special odd Hamiltonian superalgebras but determine firstly the derivations
(especially, those of negative degree) of the restricted and simple special odd Hamil-
tonian superalgebras. From [5] the Lie superalgebra g(2) is simple. Since we need
the restrictednees of the Lie superalgebras under considerations in the process of
determining derivations, in this section we first show that g(2)(t) is restricted if and
only if t = 1. Since a derivation is determined by its action on a generating set,
we next give a generating set of the restricted Lie superalgebra g(2)(1). Finally, we
determine the derivations of negative Z-degree for g(2)(m,m; 1), since it is enough
for determining the derivations in the general case in the subsequent sections.
Let us introduce some symbols for later use:
G˜ :=
{
TH
(
x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu)
)∣∣∣∣x(α)xu ∈ D∗, q ∈ I˜(α, u)
}
;
A1 := {TH(x
(α)xu) | I(α, u) = I˜(α, u) = ∅};
A2 := {TH(x
(α)xu) | I(α, u) = ∅, I˜(α, u) 6= ∅}.
We also write down some facts in [5]:
(i) [5, Lemma 2.2] For f ∈ O(m,m; t), TH(f) ∈ g if and only if ∆(f) = 0.
(ii) [5, Theorem 2.7] g is spanned by G˜
⋃
A1
⋃
A2 and g is a Z-graded subalgebra
of W (m,m; t), g = ⊕ξ−4i=−1gi. Then g is spanned by the elements of the form
TH
(
x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu)
)
q ∈ I˜(α, u). (2.1)
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For convenience, we call x(α)xu a leader of the element (2.1).
(iii) [5, Corollary 3.5] g(1) is spanned by G˜
⋃
A2 and g
(1) is a Z-graded subalgebra
of W (m,m; t), g(1) = ⊕ξ−4i=−1(g
(1))i. Moreover,
(g(1))i = [(g
(1))−1, (g
(1))i+1], −1 ≤ i ≤ ξ − 5.
(g(1))ξ−4 = spanF
{
TH
(
x(pi−εi)xω−〈i
′〉−
∑
r∈Y0\{i}
Γir
(
x(pi−εi)xω−〈i
′〉
))∣∣∣∣i ∈ Y0
}
.
Put D = D2 ∪ D∗. By (2.1), g(1) is spanned by the elements of the form
TH
(
x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu)
)
q ∈ I˜(α, u), x(α)xu ∈ D. (2.2)
(iv) [5, Theorem 3.8] g(2) is a Z-graded subalgebras ofW (m,m; t), g(2) =
⊕ξ−5
i=−1(g
(2))i.
Moreover,
(g(2))i = (g
(1))i, −1 ≤ i ≤ ξ − 5;
(g(2))i−1 = [(g
(2))−1, (g
(2))i], 0 ≤ i ≤ ξ − 5.
Theorem 2.1. g(2)(t) is restricted if and only if t = 1.
Proof. Suppose t = 1. Note that W (m,m; 1) is the full derivation algebra of the
underlying algebra O(m,m; 1). One sees that W (m,m; 1) is a restricted Lie super-
algebra with respect to the usual p-power (mapping) and that the p-power fulfills
that (xi∂i)
p = xi∂i for i ∈ Y and vanishes on the other even standard basis ele-
ments, as in the Lie algebra case. Thus it is sufficient to show that the even part of
g(2)(1) is closed under the p-power. Note that the even part of g(2)(1) is spanned
by the elements of the form (2.2)
A := TH
(
x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu)
)
q ∈ I˜(α, u), x(α)xu ∈ D,
where |u| is odd. It is sufficient to show that Ap ∈ g(2)(1). We shall frequently use
the formula below without notice:
TH(x
αxu)p =
{
TH(x
αxu), if xαxu = xixi′ , for i ∈ Y0,
0, otherwise,
which is a direct consequence of [7, Proposition 5.1].
If x(α)xu = xixi′ for i ∈ Y0 then
Ap =
(
TH(xixi′ − Γ
q
ixixi′)
)p
= TH(xixi′ − Γ
q
ixixi′) ∈ g
(2)(1), q ∈ Y0, q 6= i.
Now assume that x(α)xu 6= xixi′ for i ∈ Y0 and let us show that A
p = 0.
Case 1: |u| > 1, that is, |u| ≥ 3. Then xuxu−〈i
′〉−〈j′〉 = xu−〈i
′〉xu−〈j
′〉 = 0. It
follows that [TH(x
(α)xu),TH(Γ
q
rx
(α)xu)] = 0 and hence Ap = 0.
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Case 2: |u| = 1. Suppose u = {i′}, i ∈ Y0. Since A is a derivation of O(m,m; 1),
it suffices to show that Ap(xj) = 0 for all j ∈ Y. We consider the following two
subcases:
Subcase 2.1: j ∈ Y0. We have
A(xj) = 0 for j ∈ Y0\{i, q};
Ap(xj) = ax
(pα−(p−1)εj) = 0 for j = i;
Ap(xj) = bx
(pα−pεj+εq) = 0 for j = q,
where a, b ∈ F.
Subcase 2.2: j ∈ Y1. We have
Ap(xj) = cx
(pα−(p−1)εi−εj′ )xi′ − dx
(pα−pεi−εj′+εq)xq′ , (2.3)
where c, d ∈ F. In particular,(
TH(x
(εi+εj′ )xi′)− x
(2εj′ )xj
)3
(xj) = 0 i 6= j
′. (2.4)
The equations (2.3) and (2.4) show Ap(xj) = 0 unless α = εi + εj′ with distinct i,
j′ and q. Note that
[TH(x
(εi+εj′ )xi′),TH(x
(εj′+εq)xq′ ] = 0 for distinct i, j
′, q ∈ Y0,
which implies that
TH
(
x(εi+εj′ )xi′ − x
(εj′+εq)xq′
)p
= 0.
In conclusion, Ap ∈ g(2)(1) and hence g(2)(1) is a restricted Lie superalgebra.
Suppose conversely that g(2)(t) is a restricted Lie superalgebra. Then for every
i ∈ Y0, (ad∂i)p is an inner derivation and (ad∂i)p is of Z-degree ≥ −1. On the
other hand we have (ad∂i)
p ∈ Der−p(g(2)(1)). Consequently, (ad∂i)p = 0 for all
i ∈ Y0 which forces t = 1. The proof is complete.
The following lemma is simple but useful, the proof is similar to the one of the
Lie algebra [13, Proposition 3.3.5].
Lemma 2.2. Let L = ⊕si=−rLi be a simple, finite dimensional, and Z-graded Lie
superalgebra. Then the following statements hold:
(1) L−r and Ls are irreducible L0-modules.
(2) [L0, Ls] = Ls, [L0, L−r] = L−r.
(3) CLs−1(L1) = 0, [Ls−1, L1] = Ls.
(4) CL(L
+) = Ls, CL(L
−) = L−r.
Remark 2.3. Let T := span
F
{
Tij = TH(xixi′ − xjxj′ ) | i, j ∈ Y0, i 6= j
}
.
Obviously, T is Abelian. From the proof of Theorem 2.1 we know (Tij)
p = Tij
which shows Tij is a toral. Consequently, T is a torus of g. In particular, T is a
torus of the restricted Lie superalgebra of g(2)(1). A direct computation shows that
[Tij ,TH
(
x(α)xu
)
] = (δi′∈u − δj′∈u − αi + αj)TH
(
x(α)xu
)
. (2.5)
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Furthermore,
[Tij ,TH
(
x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu)
)
]
= (δi′∈u − δj′∈u − αi + αj)TH
(
x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu)
)
,
for q ∈ Y0.
Lemma 2.4. Let L = ⊕si=−rLi be a simple, finite-dimensional, and Z-graded Lie
superalgebra. Let M ⊂ L be a subalgebra that contains L−1⊕L1. If M ∩Ls−1 6= 0,
then M = L.
Proof. This is a direct consequence of Lemma 2.2.
Lemma 2.5. g(2)(1) is generated by g(2)(1)−1 ⊕ g(2)(1)1.
Proof. Recall that g(2)(1) = g(2)(m,m; 1) is a graded subalgebra of W (1). Let M
denote the subalgebra generated by g(2)(1)−1 ⊕ g(2)(1)1. We proceed by induction
on m.
Suppose m = 3. Assume that g(2)(3, 3; 1)i ⊂M for some i ∈ 1, 3p− 6, and let A
be an element of g(2)(3, 3; 1)i+1 with a leader x
(α)xu (cf (2.2)), that is
A = TH
(
x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu)
)
q ∈ I˜(α, u), x(α)xu ∈ D.
Note that I˜(α, u) 6= ∅. It is clear that 4 ≤ |α| + |u| ≤ 3p− 3. Let us show A ∈M.
We only have to consider the following cases:
Case 1: |u| = 0 and |α| ≥ 4. One may assume without loss of the generality that
α1 ≥ 2. Then(
α1(α1 − 1)
2
− α1α2
)
TH(x
(α)) =
[
TH
(
x(α−ε1)
)
,TH
(
x(2ε1)x1′ − x
(ε1+ε2)x2′
)]
.
(i) If α2 = 0, the equation shows that TH(x
(α)) ∈M.
(ii) If α2 6= 0, we have(
α2(α2 − 1)
2
− α1α2
)
TH(x
(α)) =
[
TH
(
x(α−ε2)
)
,TH
(
x(2ε2)x2′ − x
(ε1+ε2)x1′
)]
.
If
α1(α1 − 1)
2
− α1α2 ≡
α2(α2 − 1)
2
− α1α2 ≡ 0 (mod p)
we obtain α1 = α2 = p− 1. Then α3 < p− 1. Since
(1 + α3)TH(x
(α)) =
[
TH
(
x(α−ε1)
)
,TH
(
x(2ε1)x1′ − x
(ε1+ε3)x3′
)]
,
we have TH(x
(α)) ∈M .
Case 2: |u| = 1, |α| ≥ 3. One may assume without loss of generality that u = {1′}.
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(i) Suppose α1 = 0 and α2 ≥ 2. We have(
α2(α2 − 1)
2
+ α2
)
TH(x
(α)x1′)
=
[
TH
(
x(α−ε2)x1′
)
,TH
(
x(2ε2)x2′ − x
(ε1+ε2)x1′
)]
,
and then TH(x
(α)x1′) ∈ M if
α2(α2−1)
2 + α2 6≡ 0 (mod p). On the other hand, if
α2(α2−1)
2 + α2 ≡ 0 (mod p), we obtain α2 = p− 1. Then α3 < p− 1. Since
(1 + α3)TH(x
(α)x1′) =
[
TH
(
x(α−ε2)x1′
)
,TH
(
x(2ε2)x2′ − x
(ε2+ε3)x3′
)]
,
we have A ∈M .
(ii) Suppose α1 > 0. One can assume that α2 < p − 1. From Case 2 (i) we have,
when α3 < p− 1
TH
(
x(α)x1′ − Γ
2
1x
(α)x1′
)
= −
[
TH
(
x(α1ε1)x2′
)
,TH
(
x((α2+1)ε2+α3ε3)x1′
)]
∈M.
When α3 = p− 1
TH
(
x(α)x1′ − Γ
2
1x
(α)x1′
)
=
[
TH
(
x(α1ε1+ε3)x2′
)
,TH
(
x((α2+1)ε2+(α3−1)ε3)x1′
)]
∈M.
Similarly, we can obtain TH(x
(α)x1′ − Γ31x
(α)x1′) ∈M , when α3 < p− 1.
Case 3: |u| = 2, |α| ≥ 2. One can assume that u = {1′, 2′}, α3 < p− 1.
(i) Suppose α1 = α2 = 0. Applying case 2 (i) we have
TH
(
x(α)x1′x2′
)
= −
1
α3 + 1
[
TH
(
x(α)x1′
)
,TH
(
x(ε3)x2′x3′ − Γ
1
3x
(ε3)x2′x3′
)]
∈M.
(ii) Suppose α1 > 0, α1 < p− 1 or α2 < p− 1. From Case 2 (ii) and Case 3 (i) we
have
(α3 + 1)TH
(
x(α)x1′x2′ −
∑
r∈I(α,{1′,2′})
Γ3rx
(α)x1′x2′
)
=
[
TH
(
x(α3ε3)x1′x2′
)
,TH
(
x(α−(α3−1)ε3)x3′ − Γ
q
3x
(α−(α3−1)ε3)x3′
)]
∈M,
where q = 1 or 2 such that αq < p− 1.
(iii) Suppose α1 = α2 = p− 1, α3 < p− 2. Applying Cases 2 and 3 (ii), we obtain
TH
(
x(α)x1′x2′ −
∑
r∈{1,2}
Γ3rx
(α)x1′x2′
)
= −
[
TH
(
x(p−2)ε1x2′x3′
)
,TH
(
x(ε1+(p−1)ε2+(α3+1)ε3)x1′ − x
((p−1)ε2+(α3+2)ε3)x3′
)]
∈M.
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Now suppose m > 3. Let
L := span
F
{X},
where
X :=

TH
(
x(α)xu −
∑
r∈I(α,u)
Γqrx
(α)xu
)
∣∣∣∣∣∣∣∣
α = α1ε1 + α2ε2 + α3ε3
u ⊂ {1′, 2′, 3′, }
|α|+ |u| ≤ 3p− 3
x(α)xu ∈ D, q ∈ I˜(α, u)

 ⊂ g
(2)(1).
Let
L′ := span
F
{X ′},
where
X ′ :=

TH
(
x(α)xu −
∑
r∈I(α,u)
Γqrx
(α)xu
)
∣∣∣∣∣∣∣∣
αi = 0, i ∈ {1, 2, 3}
u ⊂ ω′ := ω − {1′, 2′, 3′}
|α|+ |u| ≤ (m− 3)p− 3
x(α)xu ∈ D, q ∈ I˜(α, u)

 ⊂ g
(2)(1).
Obviously, L ∼= g(2)(3, 3; 1) and L′ ∼= g(2)(m− 3,m− 3; 1).
Let E := (p − 1)(ε1 + ε2 + ε3), E
′ := (p − 1)(ε4 + · · · + εm), E := E + E
′. The
induction hypothesis are applied to these algebras yield:
Ω := TH
(
x(E−ε1)x3′ − x
(E−ε3)x1′
)
∈ L ⊂M,
Ω′ := TH
(
x(E
′−εm−1−εm)xω
′−〈m−1′〉
−
∑
r∈A
Γm−1r x
(E′−εm−1−εm)xω
′−〈m−1′〉
)
∈ L′ ⊂M,
where A = I(E ′ − εm−1 − εm, ω′ − 〈m− 1
′〉). Noting that
Ω := TH
(
x(ε1+ε2+εm−1)x2′ − x
(ε1+εm−1+εm)xm′
)
=
[
TH
(
x(εm−1+εm)x2′
)
,TH
(
x(ε1+ε2)xm′
)
] ∈M
and
B := [Ω,Ω] = −TH
(
x(E+εm−1)x3′ − x
(E−ε3+εm−1+εm)xm′
)
∈M,
we have
C := [Ω′, B] = TH
(
x(E−ε3−εm)xω
′−〈m−1′〉
−
∑
r∈A
Γ3rx
(E−ε3−εm)xω
′−〈m−1′〉
)
∈M ∩
(
g(2)(1)
)
mp−8
.
Note that
I(E − ε3 − εm, ω
′ − 〈m− 1′〉) = I(E ′ − εm−1 − εm, ω − 〈m− 1
′〉).
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Putting
D := TH
(
x(εm)x1′x2′xm−1′
)
= −
1
2
[
TH
(
x(εm)x1′x2′
)
,TH
(
x(εm)xm−1′xm′ + x
(ε1)x1′xm−1′
)]
∈M,
we have
[D,C] = TH
(
x(E−ε3−εm)xω−〈3
′〉−〈m′〉
−
∑
r′∈ω\{3′,m′}
Γ3rx
(E−ε3−εm)xω−〈3
′〉−〈m′〉
)
+ (−1)m−5TH
(
x(E−ε1−ε3)xω−〈1
′〉−〈3′〉
−
∑
r′∈ω\{1′, 3′}
Γ3rx
(E−ε1−ε3)xω−〈1
′〉−〈3′〉
)
− (−1)m−5TH
(
x(E−ε2−ε3)xω−〈2
′〉−〈3′〉
−
∑
r′∈ω\{2′, 3′}
Γ3rx
(E−ε2−ε3)xω−〈2
′〉−〈3′〉
)
+ TH
(
x(E−ε3−εm−1)xω−〈3
′〉−〈m−1′〉
−
∑
r′∈ω\{3′,m−1′}
Γ3rx
(E−ε3−εm−1)xω−〈3
′〉−〈m−1′〉
)
∈M ∩
(
g(2)(1)
)
mp−6
.
Applying Lemma 2.4, we have g(2)(1) = M , which is generated by g(2)(1)−1 ⊕
g(2)(1)1.
Lemma 2.6. Let L = ⊕si=−rLi be a Z-graded and centerless Lie superalgebra and
T ⊂ L0 ∩ L0¯ be an Abelian subalgebra of L such that adx is semisimple for all
x ∈ T . If ϕ ∈ DerF(L) is homogeneous of degree t, there is e ∈ Lt such that(
ϕ− ade
)∣∣
T
= 0.
Proof. The proof is similar to the one of [13, Proposition 8.4].
Convention 2.7. Hereafter we suppose m > 3 for simplicity.
Theorem 2.8. Der−(g(2)(1)) =
∑
i∈Y Fad(∂i).
Proof. Let ϕ be a homogeneous derivation of degree t < 0. From Lemma 2.6 we
may assume that ϕ(g(2)(1)−1 + T ) = 0, where
T = span
F
{Tij = TH(xixi′ − xjxj′ ) | i, j ∈ Y0, i 6= j}
is a torus of g(2)(1) (see Remark 2.3). Since g(2)(1) is generated by g(2)(1)−1 ⊕
g(2)(1)1, we may assume that t ∈ {−1,−2}, and only have to show ϕ(g(2)(1)1) = 0.
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Case 1: t = −2. We can assert that ϕ(TH(x
(3εi))) = 0, for any i ∈ Y0.
Assume that
ϕ(TH(x
(3εi))) =
∑
r∈Y
ar∂r.
Applying ϕ to the equation
[TH(x
(3εi)),TH(x
(εk)xj′ )] = 0
where i, j, k ∈ Y0 are distinct, we can obtain aj′ = ak = 0, then
ϕ(TH(x
(3εi))) = ai∂i + aj∂j + ai′∂i′ + ak′∂k′ .
Applying ϕ to the equation
[Tij ,TH(x
(3εi))] = −3TH(x
(3εi)),
we obtain ai = aj = ai′ = ak′ = 0. Hence ϕ(THx
(3εi)) = 0.
From a direct and simple computation we can obtain that g(2)(1)1 is generated
by
g(2)(1)0 ⊕
∑
i∈Y0
FTH(x
(3εi)).
Hence ϕ = 0.
Case 2: t = −1. We can assert that ϕ(TH(x
(2εi))) = 0 and ϕ(TH(xi′xj′)) = 0
i, j ∈ Y0, i 6= j.
Assume that
ϕ(TH(x
(2εi))) =
∑
r∈Y
br∂r.
Applying ϕ to the equation
[TH(x
(2εi)), Tjk] = 0,
where i, j, k ∈ Y0 are distinct, we can obtain bj = bj′ = bk = bk′ = 0, then
ϕ(TH(x
(2εi))) = bi∂i + bi′∂i′ .
Applying ϕ to the equation
[Tik,TH(x
(2εi))] = −2TH(x
(2εi)),
we obtain bi = bi′ = 0. Hence ϕ(THx
(2εi)) = 0.
Assume that
ϕ(TH(xi′xj′ )) =
∑
r∈Y
cr∂r.
Applying ϕ to the equation
[TH(xi′xj′ ), Tij ] = 0,
we can obtain cj = cj′ = ci = ci′ = 0, hence
ϕ(TH(xi′xj′ )) =
∑
r∈Y\{i,i′,j,j′}
cr∂r.
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For m ≥ 4, we can put k, l ∈ Y0 satisfying k 6= l, k, l 6= i, j. Applying ϕ to the
equation
[Tkl,TH(xi′xj′ )] = 0,
we obtain bi = bi′ = 0. Hence ϕ(TH(xi′xj′ )) = 0. Note that g
(2)(1)0 is generated
by
T ⊕
∑
i,j∈Y0,i6=j
FTH(x
(2εi))⊕
∑
i,j∈Y0,i6=j
FTH(xi′xj′ ).
Hence ϕ(g(2)(1)0) = 0. Consequently,
[g(2)(1)−1, ϕ
(
g(2)(1)1
)
] = ϕ
(
[g(2)(1
)
−1
, g(2)(1)1]
)
= 0.
By means of the transitiveness of the simple algebra, we have ϕ
(
g(2)(1)1
)
= 0.
Hence ϕ = 0. From Lemma 2.6 the conclusion holds.
3. Derivations
In this section, we will determine derivations of g, g(1) and g(2). Firstly, we study
the derivations of negative Z-degree for g, g(1) and g(2), by virtue of the same sub-
jects of the restricted Lie superalgebra g(1)(1). Secondly, we discuss the normalizers
of g, g(1) and g(2) in W. Finally, we obtain the derivations of g, g(1) and g(2).
Lemma 3.1. Let M denote a subalgebra of g(s), 1 ≤ k ≤ s. If
g(2)(k) + FTH
(
x(p
ki+1)εi
)
⊂M
for some i, then g(2)(k + εi) ⊂M.
Proof. Observing that under consideration g(2)(k+ εi) is a simple Z-graded subal-
gebra of g(s), that is
g(2)(k + εi) =
n⊕
r=−1
(g(2)(k + εi))r,
where n = Σmj=1p
kj − 4. From Lemma 2.2 we only have to prove that
M ∩ g(2)(k + εi)n−1 6= (0).
In order to accomplish this, we observe that:
for 1 ≤ a, 1 ≤ b ≤ p− 1, 1 ≤ r ≤ p(
rpa − b
pa
)
≡
(
r − 1
1
)
= r − 1 (mod p)
holds. Assume inductively and without loss of the generality that M contains
Er := TH
(
x(Ek−ε1−ε2+(r−1)p
kiεi)xω−〈1
′〉
−
∑
q∈B1
Γ1qx
(E−ε1−ε2+(r−1)p
kiεi)xω−〈1
′〉
)
,
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where 1 ≤ r ≤ p− 1, i 6= 1, 2 and
Ek = (p
k1 − 1)ε1 + (p
k2 − 1)ε2 + · · ·+ (p
km − 1)εm;
B1 = I(Ek − ε1 − ε2 + (r − 1)p
kiεi, ω − 〈1
′〉).
Then, we obtain
[TH(x
(pki+1)εi), Er]
= r(−1)i−2TH
(
x(Ek−ε1−ε2+rp
kiεi)xω−〈1
′〉−〈i′〉
−
∑
q∈B2
Γ1qx
(Ek−ε1−ε2+rp
kiεi)xω−〈1
′〉−〈i′〉
)
,
where B2 = I(Ek − ε1 − ε2 + rpkiεi, ω − 〈1′〉 − 〈i′〉).
By induction we obtain
TH
(
x(Ek−ε1−ε2+(p−1)p
kiεi)xω−〈1
′〉−〈i′〉
−
∑
q∈B2
Γ1qx
(Ek−ε1−ε2+(p−1)p
ki εi)xω−〈1
′〉−〈i′〉
)
∈M ∩ g(2)(k + εi)n−1.
Hence the assertion holds.
Theorem 3.2. Let X be a Z-graded subalgebra of g(m,m; t) containing g(∞) and
s be any element of Nm with t ≤ s. Then
Der−(X, g(s)) = span
F
{
{(adX(∂i))
pki | i ∈ Y0, 1 ≤ ki < ti}∪{adX(∂i) | i ∈ Y}
}
.
Proof. Let T be the torus of X0 mentioned in Remark 2.3. Then
Der−(X, g(s)) =
∑
µ∈T∗
Der−(X, g(s))µ
decomposes into the direct sum of T -weight spaces. Take d ∈ Der−(X, g(s))µ for
some µ 6= 0, and t ∈ T with µ(t) 6= 0. For arbitrary u ∈ X , we obtain
µ(t)d(u) = (t · d)(u) = [t, d(u)]− d[t, u] = −[d(t), u].
Hence d = adX(−µ(t)
−1d(t)) ∈ adXg(s). According to t ∈ T ⊂ X0 ∩ X0¯, we
have d ∈ span
F
{adX(∂i) | i ∈ Y}, thus we only have to determine homogeneous
derivations d from X to g(s) of degree t < 0 vanishing on given torus T of X0. For
g we have d(X−1) ⊂ g(s)−1+t = 0, hence d(X ∩ ker(ad∂
p
i )) ⊂ X ∩ ker(ad∂
p
i ) and
therefore d maps X ∩ g(1) into X ∩ g(1). Thus d defines by restriction a derivation
of g(2)(1). Applying Theorem 2.8 we obtain that d −
∑
i∈Y αiad∂i vanishes on
g(2)(1) for a suitable choice of αi ∈ F. Thus we may assume that g(2)(1) ⊂ ker d.
Take 1 ≤ k ≤ t to be maximal subject to the condition g(2)(k) ⊂ ker d. Then[
g(2)(1), d
(
X ∩HO(m,m; k) ∩ S(m,m; k)
)]
⊂ d(g(2)(k)) = 0,
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whence d(X ∩ HO(m,m; k) ∩ S(m,m; k)) ⊂
{
D ∈ g(s)
∣∣[g(2)(1), D] = (0)} = 0.
This is the claim if k = t. Suppose k < t, and let i be an index for which ki < ti.
Take E ∈ g(s) as E := TH(x(p
ki+1)εi). Lemma 3.1 proves that E 6∈ ker d. However,
a computation shows that [E, g(k)−1] ⊂ X ∩ HO(m,m; k) ∩ S(m,m; k) ⊂ ker d,
whence
[d(E), g(k)−1] = 0.
This means d(E) ∈
∑
j∈Y F∂j . We may assume that d vanishes on the torus T .
Considering eigenvalues we obtain that there exists α ∈ F such that
d(E) = α∂i′ , i ∈ Y0.
Thus d′ = d− αad∂p
ki
i annihilates g
(2)(k) + FE. Lemma 3.1 proves that d′ annihi-
lates g(2)(k + εi). We now proceed by induction.
Thus we may assume that g(2)(t) ⊂ ker d. As above we then conclude d(X) =
0.
Remark 3.3. We use the method for modular Lie algebras [12, Lemmas 5.2.6 and
6.1.3] to prove Lemma 3.1 and Theorem 3.2.
By virtue of Theorem 3.2, we can determine the negative part of the derivation
algebra of g, g(1) and g(2) as follows:
Proposition 3.4. We have
Der−(X) = span
F
(
{(adX(∂i))
pki |i ∈ Y0, 1 ≤ ki < ti} ∪ {adX(∂i)|i ∈ Y}
)
,
where X = g, g(1), or g(2).
Now we only have to investigate the nonnegative part of the derivation algebras.
To do that, let us first consider the normalizers of g, g(1), and g(2).
Lemma 3.5. NorW (X) ∩Wt ⊆ (HOt ∩ St) t ∈ N, where X = g, g(1), or g(2).
Proof. Let X := g, g(1), or g(2). Suppose
E =
2m∑
j=1
gj∂j ∈ NorW (X) ∩Wt,
where gj ∈ O(m,m; t)t+1, j ∈ Y. Then there exists fi ∈ O(m,m; t)t+1 satisfying
∆(fi) = 0, such that
[∂i, E] = TH(fi), i ∈ Y.
Note that
[∂i, E] =
2m∑
j=1
∂i(gj)∂j , TH(fi) =
2m∑
j=1
(−1)µ(j)p(fi)∂j(fi)∂j′ .
We have
∂i(gj′) = (−1)
µ(j)p(fi)∂j(fi), i ∈ Y. (3.1)
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Observe that
TH(∂i(fj)) = (−1)
µ(i)p(fj)[TH(fj),TH(xi′)]
= (−1)µ(i)p(fj)
[[
∂j , E
]
, (−1)µ(i
′)p(xi′)∂i
]
= [∂i, [∂j , E]],
where i, j ∈ Y. Since [∂i, ∂j ] = 0, we obtain the following equation:
TH(∂i(fj)) = (−1)
µ(i)µ(j)TH(∂j(fi)), i, j ∈ Y. (3.2)
Equations (3.1) and (3.2) yield
(−1)µ(i)p(fj)∂j(gi′)− (−1)
µ(i)µ(j)+µ(j)p(fi)∂i(gj′)
= ∂i(fj)− (−1)
µ(i)µ(j)∂j(fi) ∈ ker(TH) = F · 1.
Noting that gk ∈ O(m,m; t)t+1, k ∈ Y, we obtain that
(−1)µ(i)p(fj)∂j(gi′)− (−1)
µ(i)µ(j)+µ(j)p(fi)∂i(gj′) ∈ F · 1 ∩ O(m,m; t)t.
The assumption that t > 0 yields
(−1)µ(i)p(fj)∂j(gi′) = (−1)
µ(i)µ(j)+µ(j)p(fi)∂i(gj′).
Since p(fi) = µ(i) + p(E) + 1, it follows that
∂i(gj′ ) = (−1)
µ(i)µ(j)+(µ(i)+µ(j))(p(E)+1)∂j(gi′).
Hence E ∈ HO. Since
[∂i, E] = TH(fi) ∈ X, i ∈ Y,
we obtain div[∂i, E] = 0. By virtue of (1.1) we have E ∈ S.
Hence NorW (X) ∩Wt ⊆ (HOt ∩ St), t ∈ N.
Lemma 3.6. Let H = span
F
{TH(xixi′ ) | i ∈ Y0}, h1 =
∑m
i=1 xi′∂i′ . Then
NorW (X) ∩W0 ⊆ g0 +H + F · h1, where X = g, g(1), or g(2).
Proof. Let X := g, g(1), or g(2). Let E be a Z2-homogeneous element of NorW (X)∩
W0. Then
E =
2m∑
i=1
2m∑
j=1
αijxi∂j , αij ∈ F.
Given i ∈ Y0, j ∈ Y1 and i 6= j′, we have TH(xixj) ∈ g0 and
[TH(xixj), E] =
(
αi′i′xj − αj′i′xi −
2m∑
k=1
αkjxk
)
∂i′
+
(
αi′j′xj − αj′j′xi +
2m∑
k=1
αkixk
)
∂j′ +
∑
k 6=i,j
(αi′k′xj − αj′k′xi)∂k′ .
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Let al denote the coefficient of ∂l in the right side of equation above. Note that
[TH(xixj), E] ∈ HO ∩ S. Since p([TH(xixj), E]) = p(E), by virtue of the equality
∂i(aj′ ) = (−1)
µ(i)µ(j)+(µ(i)+µ(j))(p(E)+1)∂j(ai′),
an elementary computation shows that
(−1)p(E)αii + αi′i′ = αjj + (−1)
p(E)αj′j′ , i ∈ Y0, j ∈ Y1, i 6= j
′. (3.3)
Similarly, by virtue of equations
∂j(ak′) = (−1)
µ(k)µ(j)+(µ(k)+µ(j))(p(E)+1)∂k(aj′ )
and
∂i(ak′ ) = (−1)
µ(k)µ(i)+(µ(k)+µ(i))(p(E)+1)∂k(ai′ ),
we obtain that
αki = −(−1)
µ(k′)p(E)αi′k′ , i ∈ Y0, k ∈ Y\{i} (3.4)
and
αkj = (−1)
µ(k)(p(E)+1)αj′k′ , j ∈ Y1, k ∈ Y\{j}. (3.5)
Case 1: If p(E) = 0, it is easy to see from (3.3)–(3.5) that
αii + αi′i′ = αjj + αj′j′ , i ∈ Y0, j ∈ Y1, (3.6)
αki = −αi′k′ , i ∈ Y0, k ∈ Y\{i}, (3.7)
αkj = (−1)
µ(k)αj′k′ , j ∈ Y1, k ∈ Y\{j}. (3.8)
Note that αij = 0, whenever µ(i) 6= µ(j). We conclude from (3.7) and (3.8) that
αij = (−1)
µ(i)+µ(j′)αj′i′ , i, j ∈ Y, i 6= j. (3.9)
We may suppose by (3.6) that αii + αi′i′ = α, for any i ∈ Y0. Applying (3.9) we
have
E =
2m∑
i=1
αiixi∂i +
1
2
∑
i6=j
(−1)µ(j
′)αijTH(xixj′ ).
Moreover,
2m∑
i=1
αiixi∂i = −
m∑
i=1
αiiTH(xixi′ ) + αh1.
Hence E ∈ g0 +H + F · h1.
Case 2: If p(E) = 1, then αij = 0 whenever i, j ∈ Y and µ(i) = µ(j). By virtue
of (3.4) and (3.5), we have
αki = (−1)
µ(k)αi′k′ , i ∈ Y0, k ∈ Y\{i} (3.10)
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and
αkj = αj′k′ , j ∈ Y1, k ∈ Y\{j}. (3.11)
Observe that (3.10) and (3.11) imply that αkl = (−1)µ(k)αl′k′ , k, l ∈ Y. Therefore,
we obtain that
E =
∑
µ(i) 6=µ(j)
αijxi∂j =
1
2
∑
µ(i) 6=µ(j)
(−1)µ(i)αijTH(xixj′ ).
Now we obtain the desired result.
Note that HO(m,m; t) is an ideal of HO(m,m; t) and S′(m,m; t) is an ideal of
S(m,m; t). From the definitions we have the following
Proposition 3.7. X is an ideal of HO(m,m; t) ∩ S(m,m; t), where
X = g(m,m; t), g(m,m; t)(1), or g(m,m; t)(2).
In conclusion, we can obtain:
Theorem 3.8. NorW (X) = HO ∩ S ⊕ F · h1, where X = g, g
(1), or g(2).
Proof. Suppose X := g, g(1), or g(2). Applying Lemmas 3.5 and 3.6 we have
NorW (X) ⊂ HO ∩ S ⊕ F · h1. Note that [h1,TH(x
αxu)] = (|u| − 1)TH(x
αxu),
that is h1 ∈ NorW (X). Hence by virtue of Proposition 3.7 we obtain NorW (X) =
HO ∩ S ⊕ F · h1.
Remark 3.9. Let X = g, g(1) or g(2). Suppose h :=
∑
i∈Y xi∂i. We obtain adh
is the Z-degree derivation of X, that is for all Z homogeneous element A ∈ Xi,
[h,A] = iA.
Note that h = −
∑
i∈Y0
TH(xixi′)+2h1, where TH(xixi′) ∈ HO∩S. We can obtain
NorW (X) = HO ∩ S ⊕ F · h.
Finally we characterize the derivations of g, g(1) and g(2).
Theorem 3.10. Suppose X = g, g(1), or g(2), we have
Der(X) = adX(HO ∩ S ⊕ F · h)⊕ spanF{(adX(∂i))
pki |i ∈ Y0, 1 ≤ ki < ti},
where adh is the degree derivation of X. Moreover,
Der(g) ∼= Der(g(1)) ∼= Der(g(2)).
Proof. Consider ϕ ∈ Dert(X) where t ≥ 0. By virtue of [14, Proposition 2.4] there
exists an element E ∈ NorW (X) ∩Wt such that
(ϕ− adE)|X = 0.
Then the first part of the assertion holds from Proposition 3.4 and Remark 3.9.
Define
ϕ1 : Der(g) −→ Der(g
(1))
φ 7−→ φ|g(1) ,
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for φ ∈ Der(g). Obviously, ϕ1 is a monomorphism. Suppose φ|g(1) = 0 for any
φ ∈ Der(g). We obtain
[φ(A), (g(1))−1] ⊂ φ[A, g
(1)] = 0
for any A ∈ g. Then φ(A) ∈ (g(1))−1. Note that [φ(A), (g
(1))0] ⊂ φ[A, g
(1)] = 0.
Hence we have φ(A) = 0 and Der(g) ∼= Der(g(1)). Similarly, Der(g(1)) ∼= Der(g(2)).
4. Outer derivations
Let X = g, g(1), or g(2). We denote the outer derivation algebras Derout(X) :=
Der(X)/ad(X), which will be determined in this section. Recall adh is the Z-degree
derivation of X , where h = Σi∈Y0xi∂i. For future reference, we state the following
results.
Lemma 4.1. The following statements hold in DerO(m,m; t):
(1) [∂p
ki
i , ∂
p
kj
j ] = 0, i, j ∈ Y0, 1 ≤ ki < ti, 1 ≤ kj < tj;
(2) [h, ∂p
ki
i ] = 0, i ∈ Y0, 1 ≤ ki < ti;
(3) [∂p
ki
i , HO] ⊂ HO, i ∈ Y0, 1 ≤ ki < ti;
(4) [h,HO] ⊂ HO;
(5) [∂p
ki
i ,TH(a)] = TH(∂
pki
i (a)), i ∈ Y0, 1 ≤ ki < ti, a ∈ O(m,m; t);
(6) [∂p
ki
i , S] ⊂ S
′, i ∈ Y0, 1 ≤ ki < ti;
(7) [h, S] ⊂ S′;
(8) [h,TH(xjxj′ )] = 0, j ∈ Y0.
Proof. (1)–(5) are the direct consequences of [10, Lemma 16], (6)–(8) are obvious.
Lemma 4.2. The centralizers of X in W are zero. where X = g, g(1), or g(2).
Proof. Suppose E =
∑2m
i=1 ai∂i is a centralizer of X in W , where ai ∈ O(m,m; t).
Since
[E, ∂j ] = 0, for all j ∈ Y,
we have ai ∈ F. Since
[E,TH(xlxl′ − xkxk′)] = 0, for all l, k ∈ Y0, l 6= k,
we have al = al′ = ak = ak′ = 0. Hence E = 0.
Now we establish the relationship between Derout(X) and the quotient algebra
(HO ∩ S)/X.
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Theorem 4.3. The outer derivation algebras
Derout(X) ∼= L⊕ (HO ∩ S)/X,
where
L :=
(
F · h⊕ span
F
{(adX(∂i))
pki | i ∈ Y0, 1 ≤ ki < ti} ⊕X
)/
X
∼= F · h⊕ spanF{(adX(∂i))
pki | i ∈ Y0, 1 ≤ ki < ti}
is an Abelian Lie superalgebra. Moreover (HO ∩ S)/X is an ideal of Derout(X),
where X = g, g(1), or g(2).
Proof. It is similar to [10, Theorem 18].
Remark 4.4. Suppose M , N1, N2 are subspaces of a vector space V . If N =
N1 ⊕N2 and N1 ⊂M , then M ∩N = N1 ⊕M ∩N2.
Proposition 4.5. HO ∩ S = g⊕ FTH(xjxj′ )⊕ spanF
{
x(piiεi)∂i′
∣∣i ∈ Y0}, for any
j ∈ Y0.
Proof. At first, we assert that for any j ∈ Y0,
S = S′ ⊕ FTH(xjxj′ ).
Note that
div
(
TH(xjxj′ )
)
= −2, j ∈ Y0.
It is sufficient to show that S ⊂ S′⊕FTH(xjxj′ ). For any A ∈ S, there exists a ∈ F
such that div(A) = a. Hence div(A+ a2TH(xjxj′)) = 0 and A ∈ S
′ ⊕ FTH(xjxj′ ).
From [10, Proposition 20], we know that
HO = HO ⊕ span
F
{
x(piiεi)∂i′ | i ∈ Y0
}
,
hence
HO ∩ S = HO ∩ S ⊕ span
F
{
x(piiεi)∂i′ | i ∈ Y0
}
.
Moreover,
HO ∩ S = g⊕ FTH(xjxj′)⊕ spanF
{
x(piiεi)∂i′ | i ∈ Y0
}
for any j ∈ Y0.
Corollary 4.6. Derout(g) ∼= L⊕
(
g⊕FTH(xjxj′ )⊕ spanF
{
x(piiεi)∂i′ | i ∈ Y0
})/
g,
for any j ∈ Y0, where (
g⊕ span
F
{
x(piiεi)∂i′ | i ∈ Y0
})/
g
is just the odd part of Derout(g) and
L⊕
(
FTH(xjxj′ )⊕ g
)/
g
is the even part.
Proof. This is a direct consequence of Theorem 4.3 and Proposition 4.5.
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Let A, B be Lie superalgebras. Recall that A⋉ϕ B is the semidirect product of
A and B with a homomorphism ϕ : A→ DerFB. Let id denote a 7→ a, a ∈ A when
A is the subalgebra of DerFB.
Put ι := Σmi=1ti−m. Let G := G0¯⊕G1¯ be a Z2-graded vector space over F, and
{h−1, h0, h1, . . . , hι} be an F-basis of G0¯, {g1, . . . , gm} be an F-basis of G1¯. Then
G is a (Σmi=1ti + 2)-dimensional Lie superalgebra by means of
[h−1, gj ] = 0, j = 1, . . . ,m;
[h0, gj ] = −2gj, j = 1, . . . ,m;
[hi, gj] = 0, i = 1, . . . , ι, j = 1, . . . ,m;
[hi, hk] = [gj , gl] = 0, i, k = −1, . . . , ι; j, l = 1, . . . ,m.
Hence we have
G = C(G)⊕ Fh0 ⊕G1¯,
where C(G) is the center of G and
(1) C(G)⊕ Fh0 is the even part of G;
(2) G1¯ is an Abelain subalgebra of G;
Obviously, ad(C(G)⊕ Fh0) is a subalgebra of Der(G1¯). We can obtain
G ∼= ad(C(G)⊕ Fh0)⋉id G1¯.
Theorem 4.7. The outer derivation algebra Derout(g) is isomorphic to the Lie
superalgebra G.
Proof. By Corollary 4.6 we have
Derout(g) ∼= L⊕
(
g⊕ FTH(xjxj′ )⊕ spanF
{
x(piiεi)∂i′ | i ∈ Y0
})/
g,
for any j ∈ Y0. From Lemma 4.1 we know that both
(
g ⊕ span
F
{
x(piiεi)∂i′ | i ∈
Y0
})/
g and L ⊕
(
FTH(xjxj′ ) ⊕ g
)/
g are Abelian. A direct computation shows
that
[TH(xixi′), x
(pijεj)∂j′ ] = 0 i, j ∈ Y0;
[h,x
(pijεj)∂j′ ] = −2x
(pijεj)∂j′ j ∈ Y0;
[∂p
ki
i , x
(pijεj)∂j′ ] = δi=jx
((pij−p
kj )εj)∂j′
∈ HO ∩ S′ = g i, j ∈ Y0 1 ≤ ki < ti.
Now one can easily establish an isomorphism from Derout(g) to G.
Now we consider the relationship among Derout(g), Derout(g
(1)) and Derout(g
(2)).
Proposition 4.8. The following statements hold:
Derout(g
(1)) ∼= Derout(g)⊕ g/g
(1),
Derout(g
(2)) ∼= Derout(g
(1))⊕ g(1)/g(2).
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Proof. Define
φ : L⊕ (HO ∩ S)/g(1) −→ L⊕ (HO ∩ S)/g
A+ g(1) −→ A+ g.
Note that φ is a monomorphism, and ker(φ) = g/g(1). By Theorem 4.3 we obtain
Derout(g
(1))
/
ker(φ) ∼= Derout(g).
Applying Corollary 4.6 we can obtain, for any j ∈ Y0,
Derout(g) ∼= L⊕
(
g⊕ FTH(xjxj′)⊕ spanF
{
x(piiεi)∂i′
∣∣i ∈ Y0})/g
∼= L⊕
(
g(1) ⊕ FTH(xjxj′ )⊕ spanF
{
x(piiεi)∂i′
∣∣i ∈ Y0})/g(1),
which is a subalgebra of Derout(g
(1)) by means of Lemma 4.1. Hence we obtain
Derout(g
(1)) ∼= Derout(g)⊕ g/g
(1).
Similarly
Derout(g
(2)) ∼= Derout(g
(1))⊕ g(1)/g(2).
Put ||u|| = |pi| − (Σi′∈upii)+ |u| − 2, u ∈ B(m), i ∈ Y0. Now we can define G1 :=
G⊕Λ(m), where Λ(m) is the exterior superalgebra. G′ has a Z2-grading structure
induced by the Z2-grading structures of G and Λ(m), then G
1 is a (Σmi=1ti+2+2
m)-
dimensional Lie superalgebra by means of
[h−1, x
u] = xu;
[h0, x
u] = ||u||xu;
[hi, x
u] = 0, i = 1, . . . , ι;
[gi, x
u] = (−1)(i,u)δi′∈ux
u−〈i′〉, i = 1, . . . ,m;
[xu, xv] = 0,
for all xu, xv ∈ Λ(m), and (−1)(i,u) is determined by the equation ∂i′(xu) =
(−1)(i,u)xu−〈i
′〉. Obviously, ad(G) is a subalgebra of Der(Λ(m)) and
G1 ∼= ad(G)⋉id Λ(m).
Recall A1 = {TH(x(α)xu) | I(α, u) = I˜(α, u) = ∅} is a Z2-graded subspace of g
with A1 = A10¯ ⊕ A11¯, where A1θ¯ = A1 ∩ gθ¯, θ¯ = 0¯, 1¯. Notice that g = g
(1) ⊕ A1.
Theorem 4.9. The outer derivation algebra Derout(g
(1)) is isomorphic to the Lie
superalgebra G1.
Proof. From Proposition 4.8 we know that Derout(g
(1)) ∼= Derout(g)⊕g/g(1). Notice
that g(1) is an ideal of g. Applying Lemma 4.1 and Theorem 4.7, it is sufficient
to consider the operation between Derout(g) and A1. By the definition of A1 we
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know A1 is spanned by the elements with the form TH(x
(pi−(Σr′∈upirεr))xu), a direct
computation shows that[
TH(xixi′ ),TH
(
x(pi−(Σr′∈upirεr))xu
)]
= TH
(
x(pi−(Σr′∈upirεr))xu
)
, i ∈ Y0;[
h,TH
(
x(pi−(Σr′∈upirεr))xu
)]
= ||u||TH
(
x(pi−(Σr′∈upirεr))xu
)
;[
∂p
ki
i ,TH
(
x(pi−(Σr′∈upirεr))xu
)]
⊂ g(1), i ∈ Y0, 1 ≤ ki < ti;[
x(piiεi)∂i′ ,TH
(
x(pi−(Σr′∈upirεr))xu
)]
= δi′∈uTH
(
x(pi−(Σr′∈upirεr)+piiεi)∂i′x
u
)
, i ∈ Y0.
Note that [A1,A1] ⊂ g(1). Hence we can easily establish an isomorphism from
Derout(g
(1)) to G1.
Put G2 := G1 ⊕ Ff . Define the even part of G2 as follows:
G20¯ = G
1
0¯ ⊕ Ff if m is even,
G20¯ = G
1
0¯ if m is odd.
Then G2 is a (Σmi=1ti + 3 + 2
m)-dimensional Lie superalgebra by means of
[h−1, f ] = 2f ;
[h0, f ] = −4f ;
[hi, f ] = 0, i = 1, . . . , ι;
[gi, f ] = 0, i = 1, . . . ,m;
[xu, f ] = 0, xu ∈ Λ(m).
Moreover, G2 ∼= ad(G1)⋉id Ff.
Recall g(1) = g(2) ⊕ (g(1))ξ−4 and
(g(1))ξ−4 = spanF
{
TH
(
x(pi−εi)xω−〈i
′〉 −
∑
r∈Y0\{i}
Γir
(
x(pi−εi)xω−〈i
′〉
)) ∣∣∣∣ i ∈ Y0
}
.
Notice that dim(g(1))ξ−4 = 1.
Theorem 4.10. The outer derivation algebra Derout(g
(2)) is isomorphic to the Lie
superalgebra G2.
Proof. Similar to Theorem 4.9, it is sufficient to consider the operation between
Derout(g
(1)) and (g(1))ξ−4. For any
M = aTH
(
x(pi−εi)xω−〈i
′〉 −
∑
r∈Y0\{i}
Γir
(
x(pi−εi)xω−〈i
′〉
))
∈ (g(1))ξ−4,
where a ∈ F, we can obtain:
[TH(xixi′ ),M ] = 2M, i ∈ Y0;
[h,M ] = −4M ;
[∂p
kj
j ,M ] = TH
(
x(pi−p
kj εj−εi)xω−〈i
′〉 −
∑
r∈Y0\{i}
Γir
(
x(pi−p
kj εj−εi)xω−〈i
′〉
))
∈ g(2), j ∈ Y0;
[x(piiεi)∂i′ ,M ] = 0, i ∈ Y0.
Note that [A1, (g
(1))ξ−4] = 0. Hence we can easily establish an isomorphism from
Derout(g
(2)) to G2.
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